In the case of the discrete time coined quantum walk the reduced dynamics of the coin shows non-Markovian recurrence features due to information back-flow from the position degree of freedom. Here we study how this non-Markovian behavior is modified in the presence of open system dynamics. In the process, we obtain useful insights into the nature of non-Markovian physics. In particular, we show that in the case of (non-Markovian) random telegraph noise (RTN), a further discernbile recurrence feature is present in the dynamics. Moreover, this feature is correlated with the localization of the walker. On the other hand, no additional recurruence feature appears for other non-Markovian types of noise (Ornstein-Uhlenbeck and Power Law noise). We propose a power spectral method for comparing the relative strengths of the non-Markovian component due to the external noise and that due to the internal position degree of freedom.
Introduction -Discrete-time quantum Walk (DTQW) is a quantum analogue of "classical random walk" (CRW) and describes the evolution of a quantum particle on a given topological structure. The simplest instance of DTQW is that of a quantum system with two levels translating on a one dimensional discrete position space [1, 2] , a toplogy which we use in this work. Any practical implementation of quantum walk demands taking into account the effects of the ambient environment, resulting in the phenomena of decoherence and dissipation [3] [4] [5] .
In the Markovian regime, the environmental time scale is much smaller than the system time scale [6] , and the back-action by system on the environment, in terms of generating system-environment entanglement, is negligible. In contrast, non-Markovian noise features backaction, and furthermore also "back-flow" of information from the environment to the system, which can show up as a recurrence in the correlations between two initial system states. A particular manifestation of recurrence is a resonance like phenomena, and is responsible for the Anderson localization observed in quantum walks [7] .
With the advancement of technologies, one is now able to go beyond Markovian phenomena and enter into the non-Markovian regime, which we undertake in this work. Unlike previous approaches to non-Markovianity, our approach will distinguish between different sources of non-Markovianity, in particular, non-Markovian backflow. As a concrete application of our approach, we study coined discrete-time quantum walk (DTQW) on a line, subjected to (non-)Markovian dynamics. This is especially interesting because the reduced dynamics of the coin manifests non-Markovian behavior due to the "endemic" source given by the position degree of freedom [8] . Our method will be able to disambiguate the nonMarkovianity of such an endemic origin versus one due to environmental decoherence. Here we make use of a local dephasing non-Markovian noise model [9] modelled on the random telegraph noise (RTN) process [10] as well as the modified Ornstein-Uhlenbeck (OU) [11, 12] and the power law noise (PLN) [13] .
Localization, which may be considered as an aspect of non-Markovian backflow, was observed in [14] , in the context of a one dimensional continuous time quantum walk, under the influence of RTN noise, in the presence of disorder. This behavior is also observed here, in the context of DTQW on a line, under the influence of RTN noise, which we report elsewhere [7] . Also observed are the revival of quantum correlations in the transition from quantum to classical random walks, under the considered non-Markovian noise.
The essential ingredients of DTQW are the coin and the position [15] , which describes the internal and external degrees of freedom of the particle, respectively. The state of total system is described by the Hilbert space H w = H c ⊗ H p where span H c = {|0 , |1 } and span H p = {|i }, i ∈ Z representing the number of lattice sites available to the walker. To implement the DTQW, we initialize a quantum state ρ and evolve it using the coin and conditional shift (i.e., translation in a spatial dimension) operators. The coin operator is usually a two dimensional rotation matrix. The shift operatorŜ that translates the particle to either left or right is conditioned on the outcome of the coin operator. The general form of the shift operator is given as, S = |0 0| ⊗ i∈Z |i − 1 i| + |1 1| ⊗ i∈Z |i + 1 i|. ρ(t) =Ŵ t ρ(0)Ŵ t † ,Ŵ t is the walk operator which is a combination ofĈ andŜ applied t times.
Non-Markovian Noise -We will denote by Ω(t) the random variable describing the noise fluctuation in each of the three cases and by M the mean. The autocorre- In RTN, γ ≡ 1/2τ , τ being the time scale in which the RTN noise changes its phase. The function Λ(ν) corresponds to two regimes; the purely damping regime, with Markovian behavior, where 2a/γ < 1, and damped oscillations, with non-Markovian behaviour, for 2a/γ > 1, a having the significance of the strength of the systemenvironment coupling. The regime of "minimal nonMarkovian" corresponds to 2a/γ = 1, for which µ = 0. For the modified OU noise, henceforth referred to as OUN, γ −1 = τ c , where τ c is the finite correlation time of the environment (Table I) . In Table I , we also indicate properties of power-law noise (PLN), under which the DTQW behaves similar to the OUN [7] .
A key feature of Markovian (memoryless) open-system dynamics Λ is that given two distinct states ρ and σ, distance measures ∆ (such as relative entropy or trace dis-
. By contrast, non-Markovian dynamics can violate the above monotonicity property. In this work, we will use trace-distance (TD) based indicators, and correlate it with other features, such as oscillations in walk variance. Non-Markovianity has been also been studied using fidelity [16] , relative entropy [17] and mutual information [7] .
Anderson Localization -In his seminal work on transport properties of particles in a random media, Anderson showed that the systems with quenched disorder exibits the phenomena of localization [18] . In the quantum walk senario, Anderson Localization (AL) has been studied extensively in which the disorder is introduced either via broken links in the lattice [14] or by randomizing the coin operation [19] . AL can be interpreted as a memory property of the particle, as it remembers and localizies near its initial position when it is coupled to a disorded system. Here we show that the AL phase can be observed in the non-Markovian (memory) regime of RTN. . In addition to AL, simply by tuning the noise amplitude a of RTN we observe that the quantum walk alternates between three different phases namely, the ballstic, diffusive and localization. In contrast to RTN, AL is absent in both OUN and PLN.
Distinguishing non-Markovian features of noise using Trace distance -Trace Distance (TD) [20] is a measure of distinguishability between two states, defined as
For non-Markovian processes, owing to the backflow of information from the environment to the system, there could be an increase in the distinguishability, causing a deviation from the monotonic de-
, where Φ(t) is the noise superoperator. This idea has been exploited in an effort to witness non-Markovianity in [21, 22] . Another measure of non-Markovianity, introduced in recent times, makes use of the deviation from CP of the intermediate dynamics [23] .
Initially, we consider the noiseless (unitary) evolution of the quantum walk. To study the reduced dynamics of the coin state, we compute the trace distance by initializ- ing the quantum states, |0 ±|1 / √ 2. Since the evolution is governed by unitary dynamics the overall evolution of the quantum walk remains unitary and hence the TD is preserved. However, TD between the reduced coin states undergoes a high frequency oscillation, as seen from the top plots in Figs 2.(a) and (b) . In accordance with the criterion for non-Markovianity in terms of TD recurrence [8] , such TD oscillations are a signature of non-Markovian behavior. It is thus important to note that we observe non-Markovian behavior in the coin even in the unitary dynamics, owing to the evolution of its entanglement with the position degree of freedom. Not surprisingly, the oscillations are large at the beginning, when the position dimensionality is small, and then die out, as the position dimensionality gets larger.
Power spectral analysis -In addition to the oscillations present in the noiseless evolution of quantum walk, a further backflow or recurrence structure arises when the coin is exposed to an external noise such as RTN in the non-Markovian regime. In order to disambiguate these two distinct sources of non-Markovianity, we compute the power spectrum of the time evolution D(ρ 1 (t), ρ 2 (t)) of correlation-like quantities such as trace distance or mutual information, minus the function δ B (t), the Monotonically Falling Best Fit (MFBF) function, which is the monotonically falling function that is closest to D(ρ 1 (t), ρ 2 (t)), according to a suitable distance measure. This allows us to usually locate in the frequency domain the different sources of the backflow aspect of non-Markovianity. In this case, the position degree of freedom serves as one source, while RTN producing environment serves as the other source.
The power spectrum of the evolution is computed for time N = 100 steps, as the absolute squared of the Discrete Fourier Transform (DFT), i.e., S(k) = | N −1 n=0 x n e −2πikn/N | 2 , where x n is TD or mutual information in the time domain at step n.
Case of RTN - Figure 2. (a) depicts time evolution of the DTQW in the noiseless case (top plot), with RTN in the Markovian regime (middle plot) and with RTN in the non-Markovian regime (bottom plot). The highfrequency "primary" oscillation (which corresponds to non-Markovianity according to the Breuer measure [21] ) in the top plot is due to the interaction of the position and coin degrees of freedom [8] . Note the ring-down of the oscillations. In the middle plot, Markovian decoherence with RTN is seen to cause a monotonic fall, with an overlay of the position-induced oscillation. Finally, in the bottom-most plot, RTN in the non-Markovian regime introduces a new, "secondary", lower-frequency oscillation component. Figure 2. (b) depicts the corresponding situation with OUN, where,the secondary oscillatory component, due to backflow from the external environment, and as depicted in the middle plot, is missing even in the non-Markovian regime. Instead non-Markovianity manifests as a backaction of the system on the reservoir, producing a slowing down of the decoherence rate. This phenomenon is essentially due to the low bandwidth of the reservoir frequency, γ, resulting in a large reservoir correlation time in relation to the system correlation time.
In Figure 3 , we present the power spectrum of the bottom plot of Figure 2 3. (a) Power spectrum analysis of the two oscillatory components, primary (due to position "environment") and secondary (due to RTN). The bottom plot 2(a) is subjected to filtering by subtracting the straightline best fit to the plot (which corresponds to ∼ 0.4 × 0.9 −t ). (b) The power spectrum of the filtered plot, with respect to the frequency f , where the frequencies correspond precisely to the oscillations seen in (a), with the one around f = 0.27 (resp., f = 0.03) corresponding the primary (resp., secondary) recurrence component. The importance of this filtering approach is that it allows us to compare the relative strengths of the two sources of non-Markovianity (the area under the primary is 1.5 times more). In OUN or PLN, the secondary recurrence component is not seen; just the diminution of the primary component.
vian dynamics can only generate a monotonic reduction of a distance measure. Any departure from monotonicity should be attributed, then, to non-Markovianity, in particular backflow. The filtered plot can thus be considered as a measure of the lower bound on non-Markovian behavior. In the present case, the subtracted part turns out to be a simple power law (represented as a straight line in the log-normal plot). More generally, this subtracted part corresponds to a problem of monotonic curve fitting, which can be formulated as a semidefinite program [7] . The peak around f = 0.27 (resp. f = 0.025) corresponds to the primary (resp., secondary) non-Markovian source, namely the position degree of freedom (resp., the environment). The information backflow is a resonance like phenomena, producing the secondary peak. Thus, our approach provides a tool to disambiguate two sources of non-Markovian backflow.
Detecting non-Markovianity using Mutual Information -Quantum correlations as quantified by mutual information (MI) has been used to quantify non-Markovianity [24] . Let ρ 1 and ρ 2 be the density matrices representing the system and the ancillary state, respectively. Given density operators ρ 1 and ρ 2 , their mutual information is I m (ρ) = S(ρ 1 ) + S(ρ 2 ) − S(ρ 12 ), where S(.) is the von Neumann entropy S(ρ):=-trρlog 2 ρ. Similar to the TD measure, MI is also a monotonically decreasing function when the dynamics is Markovian. Figure 4 (a) presents the MI equivalent of Figure 2 (a), while 4(b) presents the power spectrum of the plots of 4(a). We note the primary peak around f = 0.27. Apart from this, the spectrum of the Markovian noise is smooth, whereas that of the nonMarkovian case shows signatures of secondary peaks, in- dicating non-Markovianity of environmental origin. Note that the spectral filtering method can also be employed for MI by finding a suitable MFBF function. Conclusion -Information backflow from the environment to the system is an important aspect of nonMarkovianity absent in Markovian dynamics. In a system such as a coined quantum walk, information backflow appears in the reduced coin system dynamics due to both environmental decoherence and the coin-position interaction. Here we have developed tools to disambiguate these two sources of non-Markovianity. We identify backflow by peaks in the power spectrum of time evolution of distance or nearness measures of a pair of quantum states. All known measures of non-Markovian behavior are incapable of making this distinction. This work thus presents novel insights into the nature and detection of non-Markovian evolution.
